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6.4 Special Types of Graphs



6.2 Graph Connectivity
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6.2.2 Connectivity and Connectedness in Undirected Graphs
Connected Graphs and Connected Components
Shortest Paths and Distances
Vertex Cut Sets, Cut Vertices, Edge Cut Sets, and Bridges
Vertex Connectivity and Edge Connectivity
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6.2.1 Paths and Circuits
⤷ Elementary Paths (Circuits) and Simple Paths (Circuits)
Definition 6.8: Given a graph G=<V,E>(either undirected or directed), 

an alternating sequence of vertices and edges in G Γ=v0e1v1e2…elvl.
(1) ∀i(1≤i≤l), ei=(vi−1,vi). Γ is called a path from v0 to vl, v0 and vl

are called the starting point and ending point of the path, 
respectively, and l is the length of the path. If v0=vl, Γ the path is 
called a circuit (or cycle).

(2) If all the vertices in a path or circuit are distinct (except for v0=vl
in the case of a circuit), it is called an elementary path or simple 
path (and an elementary circuit or simple cycle). A cycle of odd 
length is called an odd cycle, and a cycle of even length is called an 
even cycle.

(3) If all edges in a path or circuit are distinct, it is called a simple 
path (or simple circuit); otherwise, it is called a non-simple or 
complex path (or complex circuit).



6.2.1 Paths and Circuits
⤷ Representations of a Path or Circuit

Representations of a Path or Circuit
① According to the definition, using an alternating sequence of 

vertices and edges: Γ=v0e1v1e2…elvl.

② Using a sequence of edges: Γ=e1e2…el.

③ In a simple graph, using a sequence of vertices: Γ=v0v1…vl

Properties of Circuits
• In an undirected graph, a circuit of length 1 is formed by a loop
(an edge connecting a vertex to itself). A circuit of length 2 is 
formed by two parallel edges between the same pair of vertices. In 
an undirected simple graph, all circuits have length ≥ 3.

• In a directed graph, a circuit of length 1 is also formed by a loop.
In a directed simple graph, all circuits have length ≥ 2.



6.2.1 Paths and Circuits

⤷ Elementary paths (or circuit) ⊂ simple paths (or circuit) 

Every elementary path (or circuit) is a simple path (or circuit), 
but the converse is not necessarily true.

Example:

Elementary Path
Non-elementary 

simple path

Elementary 
Cycle

Non-elementary 
simple cycle
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6.2.2 Connectivity and Connectedness in Undirected
⤷ Connectivity and Connected Components of Undirected Graphs

Let G=<V,E> be an undirected graph, and let u,v∈V
•Connectivity between u and v: Vertex u is said to be connected to
vertex v if there exists a path between them. By convention, every vertex
is considered to be connected to itself.

•Connected graph: A graph in which every pair of vertices is connected. A 
trivial graph (with only one vertex) is considered connected.

•Connectivity relation:  R={<u,v>| u,v ∈V and u is connected to v}.  R is 
an equivalence relation.

•Connected component: The subgraph induced by each equivalence class 
of V under the relation R is called a connected component of G. Suppose 
V/R={V1,V2,…,Vk}, then the connected components of G are the 
subgraphs G[V1],G[V2],…,G[Vk].

•Number of connected components: p(G)=k
G is a connected graph ⇔ p(G)=1.



6.2.2 Connectivity and Connectedness in Undirected
⤷ Shortest Paths and Distances in Undirected Graphs

 Shortest path between u and v: A path of the shortest length
between vertices u and v, assuming u and v are connected.

Distance between u and v d(u,v): The length of the shortest path 
between u and v. If u and v are not connected, define d(u,v)=∞.

Property：

(1) d(u,v)≥0, and d(u,v)=0 ⇔ u=v
(2) d(u,v)=d(v,u)

(3) d(u,v)+d(v,w)≥d(u,w)

For example: The shortest path between a and e is shown in the 
figure on the right: ace, afe.    d(a,e)=2, d(a,h)=∞
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6.2.2 Connectivity and Connectedness in Undirected
⤷ Vertex Cuts and Edge Cuts in Undirected Graphs

 Let undirected graph G=<V,E>, v∈V, e∈E, V′⊆V, E′⊆E.
• G−v: The graph obtained by removing vertex v and all edges 

incident to it from G.
• G−V′: The graph obtained by removing all vertices in V′ and their 

incident edges from G.
• G−e : The graph obtained by removing edge e from G.
• G−E′: The graph obtained by removing all edges in E′ from G.
Definition 6.9: Let undirected graph G=<V,E>, V′⊂V, If p(G−V′)>p(G), 

then V′ is called a vertex cut set of G. if {v} is vertex cut set, then v
is called a cut vertex.
• Let E′⊆E, if p(G−E′)>p(G), then E′ is called an edge cut set of G. If

{e} is edge cut set , then e s called a cut edge or a bridge.



6.2.2 Connectivity and Connectedness in Undirected
⤷ Vertex Cuts and Edge Cuts in Undirected Graphs(e.g.)

 Notes:

(1) The complete graph Kn has no vertex cut set.

(2) An n-vertex null graph has neither a vertex cut set nor an 
edge cut set.

(3) If G is connected and E′ is an edge cut set, then p(G−E′)=2.

(4) If G is connected and V′ is a vertex cut set, then p(G−V′)≥2.

a b

c

d

e

f

g

e1

e2

e3

e5

e6

e7

e8 e9
e4

Cut vertex: e,f
Vertex cut set : {e},{f}, {c,d}

Bridge: e8, e9

Edge cut set :{e8},{e9}, {e1,e2}, {e1, 
e3, e6}, {e1, e3, e4, e7}



6.2.2 Connectivity and Connectedness in Undirected
⤷ The correct minimum cut problem

A graph and its two cuts: the red dashed lines indicate a cut 
consisting of three edges, while the green lines represent a 
minimum cut of the graph, consisting of two edges.



6.2.2 Connectivity and Connectedness in Undirected
⤷ Vertex Connectivity and Edge Connectivity

Definition 6.10: An undirected connected graph G=<V,E>,
•κ(G)=min{|V′| | V′ is a vertex cut of G or G-V′ becomes a trivial graph} 
is called the vertex connectivity of G.

•λ(G)=min{|E′| | E′ is an edge cut of G}
is called the edge connectivity of G.

Example:

κ(G)=3
λ(G)=3
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6.2.2 Connectivity and Connectedness in Undirected
⤷ The Connectivity Inequality in Undirected Graphs

Notes:
(1) If G is a trivial graph, then κ(G)=0, λ(G)=0.
(2) If G is a complete graph Kn, then κ(G)=n-1, λ(G)= n-1.
(3) If G has a cut vertex, then κ(G)=1; if G has a bridge (cut edge), 

then λ(G)=1.
(4) By convention, the vertex connectivity and edge connectivity of 

a disconnected graph are both defined to be 0.

 Theorem 6.3: For any undirected graph G, we have
κ(G) ≤ λ(G) ≤δ(G).
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6.2.3 Connectivity and Classification in Directed Graphs
⤷ Theorem on the Connectivity of Directed Graphs

Let D=<V,E> be a directed graph, u,v∈V, 
(1) u is reachable from v: There exists a path from u to v. By 

convention, every vertex is reachable from itself. 
(2) u and v are mutually reachable: u is reachable from v, and v is 

reachable from u.
(3) D is weakly connected (connected): The undirected graph obtained 

by ignoring the directions of all edges is connected.
(4) D is unilaterally connected: ∀u,v∈V, either u is reachable from v

or v is reachable from u.
(5) D is strongly connected: ∀u,v∈V, u and v are mutually reachable.
(6) D is strongly connected if and only if there exists a circuit that 

passes through all vertices.
(7) D is unilaterally connected if and only if there exists a path that 

passes through all vertices.



6.2.3 Connectivity and Classification in Directed Graphs
⤷ Shortest Paths and Distances in Directed Graphs

 Shortest path from u to v: The path from u to v with the 
minimum length (assuming u is reachable from v).

Distance d<u,v>: The length of the shortest path from u to v. If u
is not reachable from v, then by convention, <u,v>=∞.

Properties of a Distance Function d<u,v> :

• d<u,v>≥0 and d<u,v>=0 ⇔ u=v
• d<u,v>+d<v,w> ≥d<u,w>
• Note: Distance is not symmetric 



6.2 Graph Connectivity• Brief summary

Objective :

Key Concepts ：



Discrete Mathematics 2025 Spring

魏可佶 kejiwei@tongji.edu.cn



Chapter 6: Graphs

6.1 Basic Concepts of Graphs

6.2 Graph Connectivity

6.3 Matrix Representations of Graphs

6.4 Special Types of Graphs



Chapter 6: Graphs
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6.3.1 Incidence Matrix of an Undirected Graph
⤷Definition of the Incidence Matrix

 Let G=<V,E>, V={v1, v2, …, vn}, E={e1, e2, …, em}.

• Let mij be the incidence of vertex vi with edge ej, the matrix
(mij)n×m is called the incidence matrix of G, denoted as M(G). The 
possible values of mij: 0,1,2

Example: e1
e2

e3 e4
e5

e6

v5

v1 v2

v3

v4

M(G)=

2 1 1 0 0 0
0 1 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 0
0 0 1 1 0 0 



6.3.1 Incidence Matrix of an Undirected Graph
⤷ Properties of the Incidence Matrix

(𝟏𝟏) �
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒎𝒎𝒊𝒊𝒊𝒊 = 𝟐𝟐, 𝒋𝒋 = 𝟏𝟏,𝟐𝟐, . . . ,𝒎𝒎

𝟐𝟐 �
𝒋𝒋=𝟏𝟏

𝒎𝒎

𝒎𝒎𝒊𝒊𝒊𝒊 = 𝒅𝒅 𝒗𝒗𝒊𝒊 , 𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . ,𝒏𝒏

(𝟑𝟑) �
𝒊𝒊,𝒋𝒋

𝒎𝒎𝒊𝒊𝒊𝒊 = 𝟐𝟐𝟐𝟐

𝟒𝟒 𝒆𝒆𝒋𝒋 and 𝒆𝒆𝒌𝒌 are parallel edge
⇔ the j−th column and the k−th
column are identical.

(5)Vi is an isolated vertex ⇔ i-th row is 
all zeros.

(6) Ej is loop ⇔ The first element in 
column j is 2,  others are all 0.
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6.3.2 Incidence Matrix of a Directed Acyclic Graph

⤷ The Incidence Matrix of a DAG

The matrix (mij)n×m called the incidence matrix of D, called M(D).

 Let the directed acyclic graph D=<V,E>, V={v1, v2, …, vn},
E={e1, e2, …, em}.

Let  𝒎𝒎𝒊𝒊𝒊𝒊 = �
𝟏𝟏, 𝒗𝒗𝒊𝒊 is the starting point of 𝒆𝒆𝒋𝒋
𝟎𝟎, 𝒗𝒗𝒊𝒊 is not incident to 𝒆𝒆𝒋𝒋

−𝟏𝟏,𝒗𝒗𝒊𝒊 is the endpoint of 𝒆𝒆𝒋𝒋

 Properties of a DAG:
(1) Each column contains exactly one 1 and one −1.
(2) The total number of 1's is equal to the total number of −1's, which 

equals the number of edges.
(3) The number of 1's in the i-th row equals d+(vi), and the number of 

−1's in the i-th row equals d-(vi).
(4) Ej and ek are parallel edges ⇔ the j-th column and the k-th

column are identical.



6.3.2 Incidence Matrix of a Directed Acyclic Graph

⤷ The Incidence Matrix of a DAG(e.g.)

v1

v2
v3

v4

e2

e1

e3

e4e5

e6

e7
M(D)=

-1   1   0   0   0  –1   1

0  -1   1   0   0    0   0

0   0  -1  -1  -1   1  -1

1   0   0    1   1   0   0
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 6.3.3 Adjacency Matrix of a Directed and Undirected Graph
The Number of Paths and Cycles in a Graph

6.3.4 Reachability Matrix of a Graph



6.3.3 Adjacency Matrix of a Directed and Undirected Graph
⤷ Adjacency Matrix of a Directed  Graph

(𝟏𝟏) �
𝒋𝒋=𝟏𝟏

𝒏𝒏

𝒂𝒂𝒊𝒊𝒊𝒊
(𝟏𝟏) = 𝒅𝒅+(𝒗𝒗𝒊𝒊), 𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . ,𝒏𝒏

(𝟐𝟐) �
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒂𝒂𝒊𝒊𝒊𝒊
(𝟏𝟏) = 𝒅𝒅−(𝒗𝒗𝒋𝒋), 𝒋𝒋 = 𝟏𝟏,𝟐𝟐, . . . ,𝒏𝒏

The sum of the columns equals 
the indegree of the graph.

The sum of the rows equals the 
outdegree of the graph.

 Let D=⟨V,E⟩, where V={v1, v2, …, vn} and E={e1, e2, …, em},
Let the number of edges from vertex vi to vertex vj be denoted as 

𝒂𝒂𝒊𝒊𝒊𝒊
(𝟏𝟏). The matrix (𝒂𝒂𝒊𝒊𝒊𝒊

(𝟏𝟏))m×n is called the adjacency matrix of D, 

denoted as A(D), or simply A.

 Properties of A(D):



6.3.3 Adjacency Matrix of a Directed and Undirected Graph
⤷ Adjacency Matrix of a Directed  Graph

(𝟑𝟑) �
𝒊𝒊,𝒋𝒋

𝒂𝒂𝒊𝒊𝒊𝒊
(𝟏𝟏) = 𝒎𝒎

𝟒𝟒 �
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒂𝒂𝒊𝒊𝒊𝒊
𝟏𝟏 = 𝒕𝒕𝒕𝒕𝒕𝒕 𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏 𝒐𝒐𝒐𝒐 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 𝒂𝒂𝒂𝒂 𝑫𝑫

The sum of all the elements 
equals the number of edges.

The sum of the diagonal elements 
equals the number of vertex loops.

 Properties of A(D):

 Example:

A=

1  1  0  0
0  0  1  0
1  0  0  0
1  0  2  0

v1

v2
v3

v4
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